Unit 7 Solutions

7.1 Equivalent Rational Expressions

4. Which expressions are rational expressions? Justify your choices.

x+.3 Vx + 2 a
a) =3 b) =% 7
it . 3vh + 26 f)x: b 2x — 7
X -2 16 — b %3

Parts a, ¢, and f are rational expressions because each expression is the

quotient of two polynomials. Parts b and e are not rational expressions

because they each contain the root of a variable; part d is not a rational
expression because it has a variable as an exponent.

5. Identify the non-permissible values of the variable for each rational
expression,

2= % x+ 1
e b) ==+ 9
x+5=0 x—2)(x+8 =0
x==-5 Xx—2=0o0orx+8=0
So, x = =5 is the XxX=2o0rx=—8
non-permissible value. So,x = 2and x = — 8 are the

non-permissible values.



7. Simplify each rational expression. State the non-permissible values

of the variables.
) 25mn

) Sm

The non-permissible value

issm=20

25mn _ ‘25 .arn
S5m Har
=5, m#0

(x — 3)(x + 4)
ET DT

The non-permissible values
areex = —4andx = -6
(x = 3)(x + 4)
(x + 4)(x + 6)

_ x = 3)x—=+1)

T e+7(x + 6)

—X=3 i
—x_'_s,x:# 6,—4

2x(x — 3)
-3
The non-permissible value
is:x =3
x = 3)  xix—3T
x-3 =73
=2,X#3

3x
12x(x + 3)

The non-permissible values
are;:x = 0andx = =5
3x
12x(x + 5)
= 3%
T A + 5)

_ 1 =
'4:(::«-5)""':'E >0




8. Determine the non-permissible values for each rational expression.

-

X+3 3x
. o b >
X2 —x—20 )x‘—36
X=-x=-20=0 X -36=0
(x=S)x+4)=0 (x—-6)Yx+6)=0
So,x=5andx = —4 So,x= —6andx =6
are the non-permissible are the non-permissible
values. values,
x(2x — 3)
) — 4 —=—
4x + 17x — 15 12x" + 2x
4 +17x—-15=0 12+ 2x=0
A +20x-3x—15=0 x(6x + 1) =0

ax(x + 5) - 3x + 5) = 0
(4x = 3)x +5) =0

So,x=-Sandx = 3
4 values.

are the non-permissible

So,x=—%andx=0

are the non-permissible

values,

9. Which of these rational expressions are defined for all real values of x?
Explain how you know.

2x' + 3 3x + 7
) — b) =
) 6x ) x-9
x = 0 is a non-permissible x = 3 and x = —3 are non-
value, so the expression is permissible values, so the
not defined for all values of x. expression is not defined for

all values of x.

3x° + 2x — 1 d)x’+4

X+ 49 X+ 1
Sincex’ = 0,x’ + 49> 0 x = —1is a non-permissible
Since the denominator cannot value, so the expression is
equal 0, the expression is not defined for all values of x.

defined for all values of x.



11. a) Write each rational expression in simplest form.
: 3 ssx M2 =9

i) = i) =
3pq X =9

The non-permissible values ~ The non-permissible values are:

are:p=0andg=10 =—3andx =3
o iy [
s'd  SPa /

expression is in simplest form:
-p -
=5 p#0q#0 -9,. 33

i ij + 4.(‘ . 36 e 9":2
iii) ==5——— iv) —— 2%
6x — 24 X —5+6
_Wx+2) 94 =)
60 - 4) -2 -3
2 (x + 2) 92 - X2 + x)
T Hx -2+ 2 x = 2)x - 3)
The non-permissible The non-permissible
values are: values are:
x=—=2andx =2 x=2andx=3
2% e+ _ -9 x—27(2 + x)
= - 2T m;" -3)
X =——a— Xx#23
= - =3
3 = 2) X¥ =22 x

b) Choose one expression from part a. Explain why the non-
permissible values of the given expression and its simplest
form are the same.

In part iii, the numerator and denominator of the expression were
divided by the common factor x + 2. This division is not possible
when x = —2. S0, x = —2 must be included in the non-permissible
values of the simplified expression.



12. Here is a student’s solution for simplifying a rational expression.
Identify the error in the solution. Write a correct solution.

x—12 _ 34
X +x—20 (x+ 5)p—7)
=15 X # =5

The error in the solution is that x = 4 should be included as a non-
permissible value. Division by x — 4 is not possible when x = 4.
Correct solution:

x—12 _ _ 33—
X +x=-20 (x+ 5)p—1ay
N | "
—(x+5),x¢ 5, 4

15. Write each rational expression in simplest form.
State the non-permissible values of the variables.

2 — 7xy + 6y x'— 5% + 4
a) — : L s
x — l6y X+ x5 2x
_ ' = dxy = 3xy + 6y =8 -
o - a)x + ay) T X+ 3x + 2)
_ dx = 2)) = 3yx = 2)) =2+ 2 = Nix + 1)
T = 2 + 200 + 4y) - x(x + 1)(x + 2)

(2x = 3y)x = 2y) The non-permissible values are:
=(X—'2jd(x+ 2”(,(74_4),2) x=0,x= -=2,andx = -1
The non-permissible values are: = po el BNl
Xx=2yand x = =2y ( wa
(= 3y o S N s i
2 + 20 + 4y)

£5= 0 X £ 2y, -2y

T 20 + ay)



7.2 Multiplying & Dividing Rational Expressions

4. Simplify each expression.

) 4
a)y T

Non-permissible value:n = 0

SN
«|-
S|e

5. Simplify each expression.
m 10p°

a) 5p 3m
Non-permissible values:
p=0andm=10

m 19" _ ar H0p
Sp  3m  Fg  3ar

2
=L p#0m#0

6. Simplify each expression.
x . 8(x — 3)
20x = 3)  9x

a)

Non-permissible values:
x=0andx =3
__ Zx B3
B s Y

-
—3x,x$0,3

2, 4

5 7 10b
Non-permissible value:b = 0

5 10b A Ay
=bb#0

&.d

-4 12

Non-permissible value:d = 0

AR W

4 " 2T & o4
=3d,d#0

b4
—2ab’ | —4a
sah 15ab

Non-permissible values:

a=0andb=0
—2ab' | -4a _ ~Tab' ‘el
sa’b  15ab gafly A
=3 2%0b#0
2a

15(x + 5) 8x

7 5(x + 3)°

b)

Non-permissible values:
x=0andx = -5
_ 1)"5'.(#—-—1"5]' ) g o
xr Hx + 5

N
 xx + 5)

x#-=50



2(x = 4)(x + 5) 4(x + 5)

10y _yly+ 1)

¢) ) + T

Non-permissible values:
x==5andx = -1

d)

_ 2l = ST x + 1
T 3 A Ax—+5T
=+ 1)
i 6
7. Simplify each expression.
2a + 2b a — 2b
V3a-6b a+b
Non-permissible values:
a=2banda=-b
2a+42 a-2
3a-6b a+b
_ 2+t
T 327 a+D
] a ¢ 2b. "‘b

X #E =5,-1

win

Xx+5 . x —25

Orx—i -1

_x+5 _ (x=5)x+5)
Tx-47  3x-4)
Non-permissible values:
x==5,x=4,andx=75
_ %+S5 33—y
T =T (x - S+5)

= _
= o X#*F¥-545

-3 -3
Non-permissible values:
y=3y=0andy= -1
10y p—37
Y-y

p— . S il
_'{y_g}(y+1)a'y¢ 1u013

n:—4.6n+3
2n+1 n~—2

b)

Non-permissible values:

n= —%andn=2

n -4 6n+3
2Zn+1 n-=2
_M(n+2} 3.2a+17
- 2n+T n—7

=3(n+2).n;e-§.z

(b +2) L 2b+4

d >
)3b‘—3 [ =¥
_b+2"  2Ab+2)
T3pi-1) 1-b
(b + 2y 20b + 2)

-6+ -b-1)

Non-permissible values:
=-=2,b=-1andb =1

__ b+ -1y
T 3—1b + 1) 2b—+2r
maBt2 5241

b + 1)



8. Simplify each expression.

a)x"—x*ﬁ_x"‘lé
x t+ 4 x!+2x

_(x-3)(x+2).(x-4){x+4)

b)

X+ 4 x(x + 2)
Non-permissible values:

x==4,-20

2 —x — 1 _4x + 28x + 48
X+2x—-3 2 —13x—-7

(2 + D= 1) 4+ Ix+12)
T +3x—-1) @x+ Nx-7)
x4+ D = 1) 4(x + 3)x + 4)
T+3x-1) 2+ Nx-7)

_ = 327 (x — A +3)  Non-permissible values:

X4q

_x=3)x -4
—T’

)m"mm—l2é3m— 12

xlx—-27
X #* -4, -2,0

m+ 3 f"" -9
_(m—=8)(m +3) 3(m — 4)
> m+ 3 " (m = 3)(m + 3)
Non-permissible values:
m=-33,4
_ Am— 437 (m - 3)(m + 3)
- m+3 3im—aY
- 3)(m + 3
E= ) mw =334

11. Simplify each expression.
'y 2y sxYy
a) .

|8x" 4xy" 12xy

Non-permissible values:
Xx=0,y=0

sy 2y e’y

b)

T A axy? ATy

R

—wy,x#:O.y#O

e |
X ==3, 2,I,'J

_ R 1T A+ 3T(x + 4)
T =1 e+ TTx - 7)

4(x + 4)
- x -7

X #=3,-21,7

25" —7s — 4 . 45 + 4s + 1

6 —5—6 126+ 8
g (2s + 1)(s — 4) ; (2s + 1)(2s + 1)
T (3s + 2)M2s - 3) 4(3s + 2)

Non-permissible values:

=213

"E=ETS
a5 Ads—1)(s - 4) g 4.35+27
T Bs+27(2s - 3) (25 + 1).Q5+1T
PR, i, SRS BN 1y
TEoamensT Ty T2
3ab ~_8b° . 2a'V
4ab’ 27a°b’ 6ab’

Non-permissible values:
a=0b=0
27 S 7 A PP
Lok 2T 2
2

=ﬁ,a=ﬁ0,ba¢0
a




12. Simplify each expression.

a) x+3 2 -—10 . 2x—4
X =2x—15 X +15x+7 X +5x— 14

. X+ 3 . 2(x — '5) N Ax — 2)
Tx=Sx+3) X+NDx+7)  (x+ Dx-2)

Non-permissible values: x = =7, =3, -%, -

_ *>+73 i) B i i
=S5V =37 (2x + 1)Ux—="TT 2 Ax—27

I o0, |
-2x+1'X# 7. 3; 2:2.5

X —x—56 X + l4x + 49 3x + 24
b) - 3 .|
x+38 X —6x— 16 x — 16x + 64

_x=8x+7)  (x+ Nx+7) 3(x + 8)

T x+8 T (x-8x+2) (x-8)x—8)
Non-permissible values: x = —8, -7, -2, 8

_ BT 8 x + 2) 3i—+8)

*+8 T+ 7)) 8 —8
s 8, <%=38
s Fabi e

x + 4y X - 25 .2t 0y

C & » 5 TR
)-‘_3}' - 16y X~ Y

_x+4y (x = 5¥)(x + 5y ) x + Sy
TX=5y (x—4y)x+4y)  x-—4dy

Non-permissible values: x = —5y, —4y, 4y, S5y

= 1,x # =5y, —4y, 4y, 5y

PNECEL 6d)  9¢ — 164 . 3¢+ 4d
3c—4d 257 - 36d  5¢ — 6d

_ (5c+ 6d) (3c - 4d)(3c + 4d) 3¢ 4+ 4d
" 3c-4d (5¢ - 6d)(5¢ + 6d)  S5c — 6d

Non-permissible values: ¢ = —ﬂ. —%. % %
3e—2d  (Se—6U (Se+6U) e+

= _4d _6d 6d 4d
=5c+ 6d c# 3" "5 53




g = e l “

15. Simplify: 3
1 — =

a

a-2
- d
a -4
(3:
_ = a’
d (T: e d
2=1, 2 Non-permissible values:a = -2, 0, 2
Z " la—2@+2) h o
=—2_a¢ -2,0,2
a+ ]

7.3 Adding and Subtracting Rational Expressions with Monomials

3. Simplify.
5 3
a)gta
- g, a#l
“I. 3e
<) e+ 2 e+ 2
de

=ﬂ*2,e¢—2



5. Simplify.

4 2 4 1
a); - 3 b)ﬁ + 355
Non-permissible value:a = 0 Non-permissible value: x = 0
Common denominator: 3a Common denominator: 15x
~4.3_2.a L
a 3 3 a ix § Sx 3
=12 _2a | Bt A
3a 3a T 15x 15x
12 - 2a _ 23
6. Simplify.
] 2a 1
8) 5+ b)4 — 3
3“ Sn' X
Non-permissible value:a = 0 Non-permissible value:x = 0
Common denominator; 15a’ Common denominator: x
ocd oS8 . 2.3 _4.x_1
33 53 531 3 1 X X
15a° 154 X X
11.a ax — 1
== = X#0
1527 X
= 1—1, a¥ 0

15a



7. Simplify.
2 S
a) =~ =

Xz Xz

Non-permissible values:
x=0,2z=0

Common denominator: x’2°

=241r-Sz

o7 X#F0,2#0

7

1
C)I+6_y

Non-permissible values:
x=0,y=0

Common denominator: 6xy

. O
X 6y+6y X
_ . PR
_ny+6xy
by + Ix

=Ty.x¢0,y¢0

8. Simplify.
2x — -1
) =% - $i2 3x

Non-permissible value: x = 0
Common denominator: 3x

ax=3 3. =1

x 3% 3
_3x=3) x-1
T » 3x

=9+ x=1
- 3x
7x — 10

=3—X,X¢0

2
D)5 +5
rs rs

3

L3

Non-permissible values:
r=0s=0
Common denominator: s’

as. Big 2 -4
T A ‘+rs’ r
3s 2r
== 4 =
rs rs
3s + 2r
==——r#0,5s#0
rs’

2 3

385)" ’ Sef .

Non-permissible values:
e=0,f=0
Common denominator: 15¢°f*

4
2 St 3 3e

T 38f SF Sef 3e'

£
10f + 9e

T 15 15e°F
_ 10f + 9¢*

S e+ 0,f#0

2p+4  3p+1
p . 4

2p 3p’

Non-permissible value:p = 0
Common denominator: 6p’

_2p+4 3_p 3p+1 3

_3pp+4)  26p+ 1)

6p' 6p'
6p° + 12p + 6p + 2
= &
6p° + 18p + 2
6p°
_2Bp + 9 +1)
- A’
3p'+ 9 +1
= —3p1

,P#F0



3t—4 2-7

-3 1-g

d)

2 8
Non-permissible value: t = 0
Common denominator; 8t
3t-4 8 2a-71

t 8 8 ¢
83t -4) t2t -7
S 8t

=241-32—2t’+?t
8t

i
s lit-R .0
8t
9. Simplify.

)n+b_b—a
A 5a 15b

b)

Non-permissible values:
a=0,b=0
Common denominator: 15ab

_ 3b(a+b) alb- a)
~ 15ab 15ab

=3ab+3b‘-ab+a2
15ab

_3b"+2ab + &

158b ,a#¥0,b#0

=7 k42
6i° 7k

Non-permissible values:

j=0k=0

Common denominator: 42’k

W-7 7% k+2 &

d)

c)

_ k(=) 6k +2)
T aik ak

_ T7jk = 4% - 6j'k = 12f'
. 425%
J#£0,k#0

5q
Non-permissible value: g = 0
Common denominator: 20q’

2 ]

4q

49(2g -3) 501 - q)
204° 204’
8¢ - 129 -5 + 59
204"
8¢ -7g-5
——
204’ v

2x - x+y
x.‘y xy}
Non-permissible values:
x=0y=0
Common denominator: x°y’
=2x*y.‘z.+.x+y.£
Xy YV oxy X
_yx-y + X(x + )
Xy Xy
_dy=y + X 4y
- 2
X +3xy -y
Xy

Ly

X#EO0y#0

b+1 b~

7bc 8’
Non-permissible values:
b=0,c=0
Common denominator: 56b°c
- b+1

7bc
_ 8 b+ 1) b’ - 1)
T seb’c  Seb'c
_ 80’ + 8b" - Wb'c + Tc
56b°c !
b#0c#0




12. Simplify.

A= 3
a) 2x

+ x=72

Non-permissible value: x = 0
Common denominator: 2x

+ =y
c) : 7 AN = 2
Non-permissible values:
x=0andy=0
Common denominator: xy
2 2N,
y X

— 4xy

x ¥y 1 x

X +xy+xy—y —axy
xy
X+ uy-y - axy
= ~ :
x#¥0,y#0

13. Simplify.
5 . 54

3ab’

Non-permissible values:

a=0b=0

=dy X Gy
2 yat* 0

= B |

e

Common denominator: 2ab

=3.0,2 2

a7

_3b + 4a
e~ L,a®0,b#0

12b°
10a°

-+

b)

d)

b)

P % _ 2w ‘: 3
W

Non-permissible values:v =0, w =0
Common denominator: vw’

_w w1 W w3
_dw' W V2w -3)

w'  ow w'

=-ivw‘+w’-2m+3v

w'

=2}
6t

2t +3

Non-permissible value:
t=0
Common denominator: 30t
(=2+10 5 3 30
6t 5
5(=2 + t) + 90t — 6t(2¢ + 3)
30t
=10 + St + 90t — 12t° — 18t
30t
=126 + 77t = 10
30t t

t#0

6x o 4x’
20x + 3) " 5(x + 3)

—_
2

Non-permissible values:

X==3,x=0
- ExX -5.(.1:-—?'3’]‘_5
243 ax? 2
= - T
T
Common denominator: 4x
=15 _x X
A 2 x
15 - 2
- X ¥ =30

VEOLWFD

(2t + 3) gt



7.4 Adding & Subtracting Rational Expressions with Binomial & Trinomial
Denominators
3. Simplify.

4x 6x n+ 1 n— 4
x+5 x+5 b)n 2+n—2

a)

10x =n+1+n-—4

= X + S‘x B3 n-—2
_2n-3
e n#2
2 3 2 — - —

c : b _ : b d) - fa 9 - 4¢ 9
3+ 1 3+ 1 4+ 20+ 1 c +2c+1
- - b =2c—9—4r+9

3b° + 1 4+ 2+ 1
- gl v
(c + 1)
5. Simplify.
| 2 b 6 + 2
a}x 2 x+ 2 )a 3 a+ 7
Common denominator: Common denominator:
(x — 2)(x + 2) (a—3)a+17)
1 (x + 2) _ 6 f(a+D
T x=2) (x+2) T@-3) (@a+17
2 x=2 " 2 (@ - 3)
x+2) (x-2) (a+7) (a-3)
_ X+ 2 i 2x - 4 _  ba+ 42 + 2a-6
Xx=2x+2) (k-dx+2  (@a-=-3a+7 (@-3a+7
-X+ 6 8a + 36
b _2|2 R e o e
—Dx+ T T @-3)a+7
4(2a + 9)

“e-a+y?*03



yl 4
v +9" b -2

Common denominator:
b+ 9)b - 2)
-3 -2
Tb+9) -2
4 b +9)
“tb-2 (b+9
__1-14 _ _ 4b+36
b+9b-2) (B+9b-2

_ _3b-50 B

. Simplify.
6 r+5

F=s T E=¢

a)
__6 r+5
Tr=4" -(r-9)
S r+5
“r-4 " r-a

-r+ 1

=ﬁ,r¢4

Common denominator:
wiw — 4)

_ =5 (w=4) 3
W w-4) w-a)
_ =5w+ 20 2w

T owiw—-4)  wiw-4)

_ =3w+ 20
———Mw_dl.w¢0,4

- 4
W

tE+3 _t—2

b)l--4 I'= 5

Common denominator:
(t — 4)t - 5)
_(t+3) (-5
-4 (-5
(t-2) (t-4)
T (-5 (t-a)
g L2185
(t — 4)(t — 5)
_ ' -6t+8
(t — &)t - 5)

_ 4t-23
-[_"—r—d}{t—S)‘H“"s




7. Simplify.

8 3 2

10
)y tam—4 b)4k=_4"5—5k
-——t .3 __10 __2
3(x + 3)  4Ax - 1) Ak - 1) S(1-k
Common denominator: 10 2
12(2x + 3)(x — 1) = ak - )k + 1) " Sk — 1)
8 4(x - 1) Common denominator:
T3 +3) ax-1) 20(k — 1)k + 1)
TR 3(2x +3) N 10 5 2 ak + 1)
4x = 1) 3(2x +3) SWk-Nk+0 S T Sk-1 ks
-t =1 50 8k + 8
"N+ X - ) =0k - Nk +1) T 20k - Nk + 1)
9(2x + 3) 58 + 8k
1220 + 3)x - 1) = 0k - Nk + 1)
=32X—32+18X+27 2(29 + 4k)
12(2x + 3)(x = 1) = m
50x — 5
T2+ 3)x - 1) =?‘%‘k¢_1'1
5(10x — 1) 3
*m+dx-n ¥ "1
10. Simplify.
5¢° + 8 b 2b
a)3+x*—2x—s l:')b’+|0b+24+‘b’+|2b+32
21 é SX: + 8 = b + 2b
1 (x = 4d)x + 2) (b + 4)b+6) (b+4)b+8)
Common denominator:

Common denominator:

X —4a)x + 2) (b + 4)(b + 6)(b + 8)
3. 0-x+2) b (b + 8
! "“:"”2) “b+ap+6 (b+8
- i & O (b + 6)
NCRE TR +{b+42)?b+s)'(b+5)
W -x-8 N b + 8b
(x=48)x + 2 " (b + )b + 6)b + 8)
5 + 8 % 2b° + 12b
(x — 8)x + 2) b+ a)b +6)b + 8
3 -6x-24+5¢+38 B 3% + 20b
(x = 4)x + 2 T b+ A)b + 6)b + 8
L =x=1 = b(3b + 20)
x - &)x + 2) =B +a0+ 6+ 8
204X - 3x - 8) =B =6 =4

ke varer RS et A



4u° — 20u = 3u — 6
w4+ 2u— 35 30— 10u + 8

o dulu—SYT Slu—27
T W+ N—ST  (u - &) u—2
4u 3

SWw+n BGu-o
Common denominator:
(u + N 3u - 4)

_ G Bu-4 3 @+
TWw+7) BGu-4 (@Bu-4) W+
_ 120" - 16y 3u+ 2

W+ NBu-4) (u+ 73u-4)
_ 120’ - 19u - 21 e |
" wineu-n'"'* %3S

12. Simplify.

a) x4 2 _2+x+ 2 —x

£+5x+6 4-x xX+x-6

- X7 _ X + 2=X
42 (x+3) 2-0N24+F (x+3)x-2)
. 1 i . ol
X+3 —(x=2) (x+ 3)x—2)
1 1 -1

=x+3+x—2+x+3

- —t -3 -
=T x#-3,-22

4+ 3x + = X —x=
b)x _3x 2+x,x 2_\'1 x— 12
x ~= | X=X X =

_ b+ 2)  (x + 2)—T)]  —)(x + 3)

S e T =1 e—ax + 1)
_X42 _ x4+2 X4+3

=1 X “x41
Common denominator:
x(x — 1)}x + 1)

_x+2 XXy e KEDX=1 y43 xx-1)
TXx=1 dx+1) X (x+Dx=1 x+1 x(x-1)
_x+2F +x) Lt 2 =1  (x+3)x - x)
Txx =D +1) xx=Dx+ 1) xix-Dx+1)

X+ X+ U+ = x+ 2= 2=+ =3 + 3
xx = Nx+ 1)

X+ +ax=-2
x(x = )x + 1)

X¥-1,0,14



13. Simplify.

a) 2x L _3x x
x+3 2x+8  3x+ 12
R L + 3x .3-{**"1’
Tx+3 7 2x+ar o 4
= .9
_x+3+2x

Common denominator:

2x(x + 3)
.ol .8 BEY
Tx+3 X i (x+3)

- w42
x0x +3)  2x + 3)

2
=M,X¢ -4, =3.0

2x(x + 3)

b)2x:+I6x+l4_x:+7x—IS_ X

3 +30x+27 X +4x—-21 X +x-—12

_ 22X+ 8 +7) (x+9)x-2) ¥

T3 +10x+9) X+ NXx=3) (x+Ax-3)

_ LT - 2) X

T3+ e+ - 3)  (x + 4)x - 3)

_2Ax=2) X

T3(x=-3) (x+4)x-3
Common denominator:
3(x — 3)(x + 4)

_ Ax=2) (x+4) x 3
T3x—-3) (x+4) (x+4)(x-3) 3
_ (x-4)x + 4) 3

T 3(x-3)x+4) 3(x-3)x+4)

_ 2 +4x - 16 - 3%
T 3(x - 3)(x + 4)

W 0 L ki | g -7 —4 —
= e X ® %l -4 -1.3



7.5 Solving Rational Equations

3. Identify the non-permissible value

a)5=%7x

x=0

2
x 4

d)

3
c)6-x

2

Xx=-5andx=6

4. Solve each equation.
4 8

57 d

b)

Non-permissible value:d = 0
Common denominator: 5d

i %) = (L)
4d = 40
d=10

5. Solve each equation.

Non-permissible value:z = 0
Common denominator: 62z

() = (e
9=8-3z

3z= -1

|

3

s of the variable in each equation.

6
X

x=0andx=1

-1 _ _2
3x + 6 X—= 2

x==2andx = 2

(o]

win
|

Non-permissible value: e = 0
Common denominator: 3e

(e 12)
3’8{}) = 3.¢& ?}I
e = 36
e=6ore=-6
Solutions are e = —6 and
e=6.
4 6
b)2-z==5
)2-2=5

Non-permissible value: x = 0
Common denominator: x*

)= wx(F) x@ - (2] =2 (F)

2 —-4x=6
2 —4x-6=0
20 —2x—-3)=0
2(x=3)x+1)=0
x=3orx = -1
Solutions are x = —1 and x = 3.



6. Solve each equation.
3 __5
q-2 q+4

a)

Non-permissible values:qg = 2and g = -4
Common denominator: (g — 2)(q + 4)

=210+ 9 25) = 0 - 2e+r(2)
3¢+ 12 = 5¢ — 10

22 =2q
g=11

7. Solve each equation.
)a -1 _a+l
Aa-3%a-4

Non-permissible values:a = 3 anda = 4
Common denominator: (a — 3)(a — 4)

. P

37 - H(2=) = @ - e—a (2]

(@a—4)la—1)=(@-3)}a+1)
a@-5%+4=a-2a-3

-3a = -7

-l

ol
) 6 =x—~2
2 + 2 x+ 1
b =3

x + 1) x+ 1
Non-permissible values: x = —1and x = 0
Common denominator: 2x(x + 1)

r e _—
217 (i) = 2355
6 =2x" - 4x
22X - 4x—-6=0
2 —2x-3)=0
2x=3)x+1)=0
x=3o0rx=-1
x = =1 is a non-permissible value.
So, the only solution is x = 3.




9. Solve each equation.
| 1 X —2
B8 -3

Non-permissible values: x = 0 and x = 3

X x-3 x-3

R X =

X x=3

3 (i

;-—1

x=1
| == i u + 4

-+ =
b)u—Z =4 mw+t2

1 + u-1 _u+4

u-2 (u=-2u+2 u+2
Non-permissible values: v = =2 and u = 2
Common denominator: (v — 2)}(u + 2)

1

w2 + 23 + ey )

= (- a2 L2l

/

u+2+u—-1=(u-2)uv+4)
Ww+1=+22~-8
v'-9=0
u=3o0ru=-3
Solutions are v = =3 and v = 3.



Non-permissible values: z = —%and z2=-3

Common denominator: 6(2z + 1){(z + 3)

22+ 1

6.22+1(z + 3)( kj_,r) + &2z + 1)z + 3)(‘%,)

= 6(2z + 1)4;*—37(::;

622+ 3)+(2zz2+ Nz+3)=(122+6)(z+ 1)
62 +1824+ 272 +724+3=127+182+ 6

4 -724+3=0
(4z2=3)z—=1) =0

o | =
z=gorz=1

Solutions are z = 3 andz = 1.

4

10. Solve each equation.

a)

b 2
-4 b -b-6
b _ 2
(b - 2)b + 2) (b - 3)b + 2)

Non-permissible values:b = 2,b = ~2,and b = 3
Common denominator: (b — 2)(b + 2)}(b — 3)

b

Ab—2y {b—+2Y(b— 3)(-{«#—-"21”__—)

= (b — 246—+27 4b—37( 2

o)

b*-3b=2b-4
b'—=5h+4=0
(b—4b-1)=0
b=4orb=1
Solutions areb = 4and b = 1.

Lb—3T.

)



n__o. 3n +5 o 2I

n+ 1 S 4+4n+3 n+t3

n 3n+5 2
n+1 (+1N)n+3 n+3
Non-permissible values:n = =1andn = -3
Common denominator: (n + 1)(n + 3)

’

Aa—+17(n + 3)( g ) + Lo 37

3n 4+ 5 )
{pHn—=3T
= (n + 1)4»%(—2-—3,)

"W+3m+3n+5=2n+2
nn+4n+3=0
n+1)n+3)=0
n=-1orn=-3
= —1and n = -3 are non-permissible values.
So, the equation has no solution.

13. Without solving the equation, how do you know that the equation

12 4 ;
= ?
xA = T=1 has no solution?

Simplify the expression on the left.
4
Ax—-1) x-1
e P
Xx=-1 Xx=1
Since the expressions have the same denominator but different
numerators, | know the equation has no solution.

15. Solve each equation.
a) x+l . _2x
x=3 x+2

Non-permissible values: x = 3and x = -2
Common denominator: (x — 3)(x + 2)

37 + (3 ) = 0= 25
X+ 3x+2=2" - 6x
X=9x-2=0 Use the quadratic formula.

_9%= V(=9 = 4(1)(=2)
e a0

989
L

9 + 89 9 - 89
3 and x = —

Solutions are x =



1 1
c);+v_4=2

Non-permissible values:v =0and v = 4
Common denominator: v(v — 4)

xﬁ-qﬂ})+uprm( ‘rj=vw-4m}

v=4+4v=20"-8v
2V —-10v+4=0
vV —5v+2=0 Use the quadratic formula.
_ 5+ V(=5 - a)2)
B 2(1)

_Si \.ﬁ
s

+ \lﬁ d Y 5 - v1_7
2 anav = 2 .

X 5
Solutions are v =

7.6 Applications of Rational Equations

5. It takes a painter 3 h to spray paint a fence. When two people paint
the fence, one using a sprayer and the other using a brush, they can
paint the fence in 2 h. How long would it take one person to paint
the fence using only a brush?

Let t hours represent the time it takes one person to paint the fence using
only a brush.
After 2 h, a painter has spray painted % of the fence and the person using

a brush has painted % of the fence.

So, an equation is:% + % =1

Non-permissible value: t = 0

Common denominator: 3t

3+§=Lr>n

3
31t§)+3;{%)=3un
2t +6 =3t
t=6

It would take one person 6 h to paint the fence using only a brush.



6.

Jenny can clean out the garage in 5 h. When her son helps, they can
clean out the garage in 3 h. How long would it take Jenny’s son to
clean out the garage on his own?

Let t hours represent the time it takes Jenny’s son to clean out the garage

on his own.
After 3 h, Jenny has cleaned out % of the garage and Jenny’s son has

cleaned out % of the garage.

So, an equation is:% + % =1,t>0
Non-permissible value: t = 0
Common denominator: 5¢

3,3_
g - ; =1
3 : §s
,s't(}) #+ s,r(;) = 5¢(1)
3t + 15 = 5t
2t = 15
t=175

It would take Jenny's son 7.5 h to clean out the garage on his own.

How much bleach should be added to 47 L of water to make a
solution that is 6% bleach?

Let the volume of bleach added be v litres.
Then, total volume of the solution is (v + 47) litres.
volume of bleach _ 6

total volume 100
.
v+ 47 ~ 100'v>0

v = —47 is a non-permissible value.
A common denominator is: 100(v + 47)

1004»4-—#1)—( ) = 00T + 47)(4%)
100v = 6v + 282
94v = 282
v=3
To create a solution that is 6% bleach, 3 L of bleach should be added to
47 L of water.




8. A boat travels 4 km upstream in the same time that it takes the
boat to travel 10 km downstream. The average speed of the current
is 3 km/h. What is the average speed of the boat in still water?

Let the average speed of the bhoat in still water be s kilometres per hour.
Average speed downstream: (s + 3) km/h
Distance downstream: 10 km

Time downstream: - hours
s+ 3

Average speed upstream: (s — 3) km/h
Distance upstream: 4 km

Time upstream: hours

s-3

It takes the same time to travel upstream as it does to travel downstream.
o la- W

So, an equation is: TS a7 $>3

s = 3and s = —3 are non-permissible values.

A common denominator is: (s + 3)(s — 3)

¢ omih i a0
37 = 3 ) = 6 + 315
10s — 30 = 4s + 12
6s = 42
s=17
The average speed of the boat in still water is 7 km/h.



9. A natural number is 4 more than another natural number. When
the reciprocal of the greater number is subtracted from the
reciprocal of the lesser number, the difference is % What are the
two numbers?

Let one natural number be x. Then the other natural number is x + 4.
The reciprocal of the lesser number is:%

The reciprocal of the greater number is: ﬁ

Their difference is: 3

15
So, an equation Ty SR S
g x x4 A5
x = =4 and x = 0 are non-permissible values.

A common denominator is: 15(x)(x + 4)
150a)x + 4)(Jp) = 1500447 ) = A5000x + )3

15x + 60 — 15x = x* + 4x
X +4x-60=0
(x+ 10x —6)=10
x=-100rx=6
Sincexe N, x = —10 is not a solution.
So, the natural numbers are 6 and 6 + 4, or 10.



10. It takes Marcy’s apprentice 9 h longer to build a deck than it takes
Marcy, an experienced carpenter. When they work together, they can
build the deck in 20 h. How long would it take each person to build
the deck working alone?

Let t hours represent the time it takes Marcy to build a deck.
Then, the time it takes Marcy's apprentice is (t + 9) hours.

After 20 h, Marcy has built 3?— of the deck and Marcy's apprentice has

built —22 of the deck.
t+9
So, an equation is:E -2 1,t>0
t t+9
Non-permissible values:t = 0and t = -9
Common denominator: t{t + 9)
20 20 _
F i

£t + 9)(?) " m-r-—er(%) = t(t + 9)(1)

20t + 180 + 20t = t* + 9t
' —-311-180=0
(t—36)t+5)=0
t=36o0rt = =5
Since time cannot be negative, t = 36
It would take Marcy 36 h to build the deck and it would take Marcy's
apprentice 36 h + 9 h, or 45 h to build the deck.



11. The average speed of an airplane is 10 times that of a car. It takes the
airplane 18 h less than the car to travel 1000 km. Determine the
average speeds of the airplane and the car.

Let the average speed of the car be s kilometres per hour.
Then the average speed of the airplane is 10s kilometres per hour.

Distance: 1000 km

Time for car: @ hours

Time for airplane: 1000 1 ours

10s
It takes the airplane 18 h less than the car to travel this distance.
So, an equation is: 10500 - 11%9 =18,s> 0
Non-permissible value: s = 0
Common denominator: 10s
1000 1000 _
s " s 18
104'(7—10"“) — 05" (35¢) = 10s(18)
10 000 — 1000 = 180s
9000 = 180s
s =50

The average speed of the car is 50 km/h and the average speed of the
airplane is 10(50 km/h), or 500 km/h.



12. Ann cycles 6 km to return a friend’s bicycle. She then walks home.
Her total time for the trip is 90 min. Ann cycles four times as fast as
she walks. Determine Ann’s average speeds for walking and for
cycling.

Let Ann's average walking speed be s kilometres per hour.
Then her average cycling speed is 4s kilometres per hour.
Distance: 6 km

Time cycling: % hours
Time walking: % hours

Total time taken is 90 min, or 1.5 h.

T
So, an equation is: : " 1.5.5>D
Non-permissible value:s = 0
Common denominator: 4s

6 6 _
'S'+E;—1.S

41(:}) + ,4{(%) = 45(1.5)

24 + 6 = bs
30 = 6s
s=5

Ann's average walking speed is 5 km/h and her average cycling speed is
4(5 km/h), or 20 km/h.

Review

1. For each rational expression below:
* Identify the non-permissible values.
» Write the expressions in simplest form.
* Write an equivalent expression.

2x + 16 _ _2x +8)

) es &+ Ox=8)
Non-permissible values: x = ~8and x = 8
2bx+8 2
{8 (x - 8) T4
Ax+8)  2Ax+8 x4+38
(x + 8)(x—8)  (x +8)(x—8) x+8
2(x + 8)°

=———F———x#-8,8
(x + 8)(x—8)



b) X +x-2 - (x + 2)(x — 1)
- -2x+3 -+ 2x-3)
x+ 2(x —-1)
2 -(x+ 3)x - 1)
Non-permissible values: x = -3 and x = 1

(x+ 2)—1  x+2
e v e LSS
x+2x-1  +2x=1) x+2
“x+3)x—-1 —-W+3)x-1 x+2
. x+# )=
_-(x+3)(x-1){x+2)'x¢ % =21

2. Simplify each expression.

a) 200" 100 UL A o
4b Sa y -9 1
_ 25ab” a0’b N 6y y+3
Al A Ty -3)y+3) 15
=%.a=#0.b¢0 B gyt 3
Ty - 33y Ay
. S
"50’—3)')’ S
n-2_.3n-6 b+ 4b+3 b 4+ 2b 41
<€) =7 - = d) 3 - b ; b -9
n=2  3n=2 _b+Nb+3) b Nb+)
T T e+ 1) T 3-b " (b -3)b +3)
g 2t B B Nb+3) (b - )b+ 3
g =T 3-b @G+Nb6+Y)
=2t1ln#-1,02 _ b+l + 3) b—3b + 3)
T =3y Ab—+1Y(b + 1)
b + 3
e T oy s

T b+



3. Add or subtract.

R 8 _2,5
X 3ef 4f 2
Common denominator: 2x* Common denominator: 12e’f
=8 2,5 acS de_3. .00 5 N
¥ X 3ef de  af 3¢ 20 6f
=1, 5 _ —32 _ 6" | 30f
0w 126 12ef  12°f
=1xX*t3, 40 = =32 - 6e' + 30f
2 12e°f
_ 2(—16e - 3e’ + 15f)
B 12¢'f
e s 2
— —16e 3;-;- +15f,eaf=0.faf=0
6e'f
4. Add or subtract.
a) 6 T
v=2 2v+7
Common denominator: (v — 2)(2v + 7)
— (2v + 7) 7 (v—-2)
Tw=2) (v+7  (v+7) (v-2)
= 12v + 42 v—14
v=2{2v+7) (v—2)2v+ 7)
19v + 28 1
_(v—2}{2v+7)'v¢ 22
b) 2z + 3
324192 — 14 927 — 122+ 4
" 22 ” 3
B3z-z+7) (Bz-203z-2)
Common denominator: (3z — 2)'(z + 7)
_ 2z (32 - 2) 3 (z+7)
- (3z2—-2)z+7) (32-2) (32-2)3z-2) (z+ 7)
___ 67 -4 3z + 2
Bz=+7 @Bz=2@+7
1
a2 —z:+21 .z#—?,l
Bz=2z+ 7 3



5. Solve each equation.

3_ .. 17 4 _ 3
N5=1-7 Ly Rl e
Non-permissible value: f = 0 Non-permissible values:
Common denominator: 10f x=2andx =1
3 7 5 4
Sf i o Common denominator:
3_2o-7 (5x — 2{4x - 1)
5f 2f 4
o L ax - 1 (
0 (2) = ss0r(25) —rx - 5= )
At 2t 3
6 = 10f - 35 = (5x — 24— 17 (525
41 = 10f 16x =4 =15x - 6
D = -2
10

2 = 5
c) f pod P, =1
p g =i

2p p=3 -
AT Y
Non-permissible values:p = 1and p = -1
Common denominator: (p — 1)(p + 1)

2p p—5 o e
M(P+”(P_,T)+MM(W)—(P Np + 1)(1)
20 +2p+p-5=p -1

pP+3p-4=0
p+4)p-1)=0
p=-=4orp=1

p = 1is a non-permissible value.
So, the only solution is p = — 4.



6. Two fishing boats have the same average speed in still water. They leave
a dock at the same time. One boat heads upstream and the other
heads downstream. At a certain point, boat A is 56 km downstream
and boat B is 24 km upstream. The average speed of the current is
8 km/h. What is the average speed of the boats in still water?

Let the average speed of the boats in still water be s km/h.
Average speed of current: 8 km/h
Boat A: downstream
Average speed downstream: (s + 8) km/h
Distance travelled: 56 km

56
s+ 8
Boat B: upstream
Average speed upstream: (s — 8) km/h
Distance travelled: 24 km

hours

Time for boat A:

Time for boat B: 3 2_4 3 hours
Boats take same time to travel these distances.

... 56 _ 24
So, an equation - sw T se > 8
Non-permissible values: s = —8and s = 8
Common denominator: (s + 8)(s — 8)

56 _ 24
s+8 s-8

L8705 - 8)( ) = (5 + Ble—1( 25
56s — 448 = 24s + 192
32s = 640
s =20
The average speed of the boats in still water is 20 km/h.




